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New approaches to nonlinear control of d

1. Outline

e Adaptive fuzzy control based on differential flatness
theory for multivariable control (dive-plane control) of
autonomous submarines.

e It is proven that the dynamic model of the submarine, having as state variables the
vessel’'s depth and its pitch angle, is a differentially flat one. This means that all its state
variables and its control inputs can be written as differential functions of the flat output
and its derivatives.

e By exploiting differential flatness properties the system’s dynamic model is written in the
multivariable linear canonical (Brunovsky) form, for which the design of a state
feedback controller becomes possible.

e After this transformation, the new control inputs of the system contain unknown
nonlinear parts, which are identified with the use of neurofuzzy approximators.

e The learning procedure for these estimators is determined by the requirement the first
derivative of the closed-loop’s Lyapunov function to be a negative one.

e Moreover, the Lyapunov stability analysis shows that H-infinity tracking
performance is succeeded for the feedback control loop and this assures improved
robustness to the aforementioned model uncertainty as well as to external perturbations.

e The efficiency of the proposed adaptive fuzzy control scheme isconfirmed through2
simulation experiments.
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2. Problem statement

The multivariable model of the submarine’s dynamics has as outputs

the depth of the submarine h
The pitch angle of the submarine @

and as inputs

the deflection angle of the hydroplanes at the front part of vessel 5B
the deflection angle of the hydroplanes located at the rear part of the vessel S

Q

The objective is to succeed multivariable nonlinear feedback control for the
submarine’s model, without prior knowledge of the vessel’s kinematic or dynamic model

3
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3. Dynamic model of the submarine

The dynamic model of the submarine is written as:

w(t) = —?-H (6 + ﬁZ +m ) UB(E) + 4—@(*)4'
+Zan 53@) + ZéSU Zast55(8) + ﬂ@—r+ Zlw, 4)

0.5pL%m
Q) = W)+ e (9 + 2600+
+ 2581 + —é&:—’ig;’ 550+ .- o 0+ seprery + Ma(®, 9

w 15 the velocity along the z-axis, of the body-fixed frame

h 15 the depth of the wvessel measured in the inertial coordinates system,
8 1s the pitch angle
@ = 8 is the rate of change of the pitch angle.

dF5 1= the hydroplane deflection in the bow plar{e,
65 18 the hydroplane deflection in the stern

Zd, Md are bounded dlsturbanoe 1nputs due to sea currents

Zp(w, q), My(w, q) are disturbance inputs representmg the vessel’s cross-flow drag

7 = U, denotes the z-axis (forward) velocity of the vessel, 4
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3. Dynamic model of the submarine

Indicative values of the parameters of the submarine.s dynamic model are:

Tahle T 1]
Parameters of the Submanne’s dynamic model [1] K.Lee and S,Singh,Journal
Parameter Value Parameter Value Paramneter Value of SyStemS and Control
. : . Engineering, vol. 328, no. 3,
Z, = —0.0110 Z, = —0.007% Zg = —0.0045 2014
Zy = —0,0002 Zep =—00025 | Z4=—0.0050
M, = 0.0030 M, =—00002 | M,=—00025
M, = —0.0004 M;p = 00005 || M, =—0.0025
I, = 56867 104 L = 236ft m = 152-10slug
Zy— Zp = —1.H5t 7 = 8.45fKs o = 2.0slug /ft3
I, =1I,— My mo=m/(pL?)) | my =m' — 2y,

These can be obtained directly from the design characteristics of the vessel or indirectly

through an identification procedure in the sense of nonlinear least squares or nonlinear
Kalman Filtering

However, since adaptive control is a model-free control method, there is no need about
prior knowledge of these parameters’ values..

Adaptive control assures stability of the control loop under unknown dynamic model
parameters and unknown external perturbations and disturbances ..
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3. Dynamic model of the submarine

The dynamic model of the submarine can be written in matrix form:
W fW(w> 8> Q}t) @
i | = + B, u
(Q) (f.?(w>8} Q;t) 2

where the control input vector is = [§B(#) §5()]T

and is generated by electric actuators that rotate the hydroplanes. Therefore the control
input describes actually voltage or current signals that define the turn angle of the rotor
of these electric actuators.

This indicates clearly the significance of electric actuators in the submarine’s propulsion.

In this description:

( Fulw, 8, Q, 1) ) i %ﬁw{t) + i Zy +m)US(E) + %;Q(t) N OB Oy

0.8p L3y
w, 8, Q, 1 e ,j MU oy -
Folfw(w, 8, Q. %) %;w(t) + %_w(t) + () + Ime(zc—2p) 2g=2) 4(t) + —(g?-ro“;“‘;i* o+ My, 9)

while for matrices M and B, it holds

b z;% 172 zgguﬁ
r= R d 2 i 2
—Mu(LI, ) 1 Mﬁ% :" ML%??



New approaches to nonlinear control of dynamical systems: Lyapunov methods
3. Dynamic model of the submarine

It holds that the depth of the vessel measured in the inertial reference frame and the
velocity w of the submarine along the z-axis of the body-fixed frame are related as follows:

b= weos(8) — Ussin(8)=
h = ecos(8) — wsin(8)8 — U,cos(8)6= @
h = 1beos(8) — wQsin(8) — UoQeos(8)

From the above relation one can compute about the diving speed of the vessel:

w = (cos(8)~ 1) (A + Ussin(8)) @

Moreover, from Eq @ one has:

ti"' = fu ('UJ) 8, @, t) + Bou s + Bojauo @
Q — fg(’tU) 6') Q) t) o Bomui o BOQQuz

Substituting Eq. @and the first row of Eq. @ into Eq@ one gets

b= [fu(,8,Q,8) + Boyus + Bogyugeos(8) — CHasn®) Qoin(8) — UyQeos(8) ((7)
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3. Dynamic model of the submarine

Next, by denoting’ 1, 8, 6
ext, by aenoting fw(w> 9, Q)t) :Qh(h> h’>9>9>t)

f9(w> 9) Q)t) — 99(h> ll1Pi’) 8} g) t)

And by substituting this relation in Eq. @ together with Q = & one obtains:

h = gulh, b, 0,6, t)cos(8) — (tTosinl®D §oun 0y _ 1 doos( )+

cos(8)

+Boycos(@)uy + Boyycos(8)usz

= g8 (h> IF‘2> g, 9> t) + Bogy tt + Bog, Uz

Then, by defining the state vector = [k, &, 8,6]T

B\ gb(x,t)cos(ssg)—”“";235;72(”3):3433'71(@3)—U0x4cos(cc3) Bo,, Bopn\ {w
(&) ‘( e + (G By ()@

g9 (z,t)

From Eq. one finally arrives at the MIMO state-space description of the submarine

(2) = (fe) o (ulod) alai) () (9)
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4. Differential flatness of the submarine’s dynamic model
Next, by denoting the flat output of the submarine as:
! S a
y = [21, 2s]" = [h, ]
it can be proven that the submarine’s dynamic model is a differentially flat one

This means that all its state variables and its control inputs can be expressed as differential
functions of the flat output

Again, from Eq.@ one gets .

o= ot
w = fult, %, )
Ug = fb(% y,y)

which means

Eq. and Eq. @ confirm that the submarine’s model is a differentially flat one.
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4. Differential flatness of the submarine’s dynamic model

The differential flatness property of the submarine’s model is important because it means that
the vessel’s model can be transformed into the MIMO linear canonical (Brunovsky) form
through a change of its state variables (diffeomorphism)

By defining the new state variables of the vessel

Yi=X, Yo=Y Ya=Xo, Ya=Y3

and by defining the transformed control inputs of the vessel

vy = fi{z,t) + gr1us + gioto @
vy = fol2,t) + ga1ty + gontio

one obtains the linearized and decoupled state-space model of the submarine

i 001 0 0\ /m 0 0

| |0 0 0 0| 1 0]/ @
y3_0001y3+00(u2)

iy 0 0 0 0/ \y 0 1

for which the design of a state-feedback controller is possible

10
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5. Design of a stabilizing feedback controller for the submarine

For the transformed state-space model of the vessel

i 001 0 0\ [u 0 0
y2_0000 o 1 0 (2]
y3_0001y3+00(u2
i 0 0 0 0f \ga/ \O 1

It is considered that the complete state vector is measurable
y = [, h8,0]

Then, to succeed tracking of the reference setpoint

od od
v =Iyf,ye vs, ye 1T =04 xa, xg, x2 1"

the feedback control inputs should be chosen as

d d
- L . ;
Vi=Y; =K (Y= Y1) —kp(ya—y1)
; ;

V, = Y3 — K5 (V3= Y3) — K5 (Y5 — ¥5)

11
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5. Design of a stabilizing feedback controller for the submarine

By substituting Eq. Into Eq. @ one obtains the

tracking error dynamics for the submarine

éy+kééy+ktq;:0 éz+k§éz+ké@y=0 (:)

where the tracking error is definedas €, =Y, — yld , € =Yq5— yg

By selecting the feedback control gains k:o,ké I =1,2 so as the characteristic polynomials

py(s) =s° +kgs + kg p,(s) =s° +Kis+k;

to have roots explicitly in the left complex semiplane, it is assured that

lime, (t)=0 1=12

t—o0

Finally, the feedback control input that is actually exerted on the submarine is .

Up) (91 (X.t)  gpa(X1) s (Vlj_(fl(xﬁt)j
(UJ—[gm(x,t) 922(X,t)j [v2 fz(X,t)] @
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6. Differential flatness of MIMO marine systems

» Differential flatness theory has been developed as a global linearization control
method by M. Fliess (Ecole Polytechnique, France) and co-researchers (Lévine, Rouchon,
Mounier, Rudolph, Petit, Martin, Zhu, Sira-Ramirez et. al)

« A dynamical system can be written in the ODE form Si(W,\;V,\.I;/,---,W(i) ), 1=12,...9
where,, (i) stands for the i-th derivative of either a state vector element or of a control input
» The system is said to be differentially flat with respect to the flat output
Y o= HW,W W, WD), i =1m where Y =(Y1, Y21 Yim)
if the following two conditions are satisfied
(i) There does not exist any differential relation of the form

R(Y Y, Yo YY) =0

which means that the flat output and its derivatives are linearly independent

(if) All system variables are functions of the flat output and its derivatives

w® =y (y,y,y,...., y)
13
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6. Differential flatness of MIMO marine systems

The proposed adaptive control method is based on the transformation of the vessel’s
model into the linear canonical form, and this transformation is succeeded by exploiting
the system’s differential flatness properties e

* All single input vessel models are differentially flat and
can be transformed into the linear canonical form

One has to define also which are the MIMO vessel models which are differentially flat.

* Differential flatness holds for MIMO vessel models that admit static feedback
linearization.and which can be transformed into the linear canonical form through a change
of variables (diffeomorphism) and feedback of the state vector. This is the case of the
submarine's model

» Differential flatness holds for MIMO vessel models that admit dynamic feedback
linearization, This is the case of underactuated vessel models (e.g. hovercraft)
In the latter case the state vector of the system is extended by considering as additional
flat outputs some of the control inputs and their derivatives

* Finally, a more rare case is the so-called Liouvillian systems. These are systems for which
differential flatness properties hold for part of their state vector (constituting a flat subsystem)
while the non-flat state variables can be obtained by integration of the elements of the
flat subsystem. 14
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7. Design of an adaptive controller for the submarine’s model ‘ S

For the differentially flat MIMO model of X1 = f1(X,t)+g1(x,t)u+d1
the submarine one has the dynamics . ~
X3 = fr(X,t)+gr(X,t)u+d2

A 1-1 "d_ [~ A 7]

T
The following control input is considered y = ?1(X’t) {Xz — Il(x’t) —{Ki}e+{
. K
| g,(X,t) X3 | | Fo(x 1) 2

A A

where f and ¢ stand for estimates of the unknown nonlinear terms f  and

These estimates are provided by neurofuzzy approximators or other nonlinear regressors

This results in tracking error dynamics of the form

. . 1
. (A—BKT)e+Bu, +B f1(x,t) - 1(Xt)} 91(X,t)—91(x,t) gl(x1t) u+a}
fo(t)=fo(X0) | | g2(X1)—go(Xt) | go(X1)

where matrices A B,K are definedas [g 1 0o 0] 0 0
A_|000 00| 110 1 [KI K} K} Ki
000 1/ |0 0/ K2 K3 K2 K2
0 0 0 0] 0 1] 15
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7. Design of an adaptive controller for the submarine’s model

The nonlinear regressors (neurofuzzy approximators) consist of the kernel functions
and weights functions. Unlike SISO systems, in the case of MIMO dynamics the kernel

and weights functions are not represented as vectors but take the form of matrices.
Thus one has:

f(X|3f)=(I)f(X)9f and g(xleg):q)g(x)‘gg

Kernel and weights functions for the approximation of the nonlinear dynamics f:

00 6200 . N
D (X) = ¢$1(X) ¢%2(X) ¢$N(x)

S0 90 9PN ()

Kernel and weights functions for the approximation of the nonlinear dynamics g:

A g0 gV ) ol 04 .. o)
21 2,2 2,N
5000 40200 . N )| By O3 . 0N
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7. Design of an adaptive controller for the submarine’s model

The weight functions of the neurofuzzy approximators are learned through an adaptation
procedure that is determined by Lyapunov stability analysis for the submarine’s model.

The following quadratic Lyapunov function is defined:
1 1= p ST
V =—eT Pe+—0+ 0+ +—t|’[€g Hg]
2 2y1 2y
€. state vector tracking error

6+ =0, —0; - Difference of the weights from the value that succeeds exact estimation of f

0g =0, —:9; . Difference of the weights from the value that succeeds exact estimation of g
T T
LT 1 - oo 1 N
Differentiating one obtains: v —Z¢ pet+Ze'Pe+r—0+ 05 +—tr[0q Og]
4 V2
The associated tracking error dynamics is:
-1

RO = 1000 || a0 =010) | 01060 | gy
f060 - (00 ] [ 9200 - 92060 | 95000

. T
e=(A-BK )e+Bu; +B

The effect of modelling errors is denoted by:
fl(X,t)— fl(X,t) + gl(X,t)—gl(X,t) gl(Xit) U

fa( )= To(x0) | | 921 =ga(X.1) | g5 (x1) 17

-1
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7. Design of an adaptive controller for the submarine’s model
Thus one obtains the following tracking error dynamics:
e = (A—BKT)e+Bu, + B(w+d)

The first derivative of the Lyapunov function becomes:

v :%{eT (A-BK")T +ul BT +(w+d)T BT}Pe+%eT P{(A—BK")e+Bu, + B(w+d)}
OT .T
+i0f (9f+itr[eg eg]

71 V2
and after intermediate terms substitution one obtains:

V = %eT{(A— BK') P+P(A- BKT)}e+%ZeT PBu, +%ZBT Pe(w +d)

.T IT
+il9f O f +itr[¢99 Hg]
71 V2

Assumption 1: the positive definite and symmetric matrix P is chosen as solution of the
Riccati equation:

TNT T 2 1. o7
(A—BKT)T P+ P(A-BK )—PB(F—?)B P+Q=0

18
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7. Design of an adaptive controller for the submarine’s model

Using as supervisory control input u, = 1 B' Pe one obtains:
r

volepoiprel-L

2 rp?

)BT Ple+e' PB{—E B'Pe}+ BT P(w+d)+
r

.T L] T

+i9f A +itr[<99 Og]
71 V2

which can be written in the form: T T
\} = —leTQe—ieT PBB' Pe+e' PB(W—I—(;) +iéf éf +itr[¢;g ég]
2 2p° 7 Y2
Next, substituting: éf =éf_é: zéf and ég :ég_é; :ég
l.e: éf =—7/1CD(X)T B'Pe and ég =—7/2CD(X)T BT Peu’

the following form of the derivative of the Lyapunov function is obtained:

V =—%eTQe—ieT PBB' Pe+e' PB(w+d)+

2,02

+ 2 () PBO()@ 07 )+~ (~r2)triue” PBO(x)(G ~6,)]
" Vo 19
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7. Design of an adaptive controller for the submarine’s model

N

Taking into account that ue R>! and e" PB(g(x|6y)-9(x|6y)) € R™Z

the following form is obtained for the Lyapunov function derivative :

Ve_leToe——1 ¢TpBBT Pe+e” PB(Wd)+

2 2p2
1 . 1 A A .
Jr}/—(—ﬂfl)eT PBO(X)(@¢ — 05 )+7/—(—7/2)'[r[eT PB(g(x|68q)—9(x|6g))u]
1 2
and since e" PB(g(x|6y)—g(x|G4)u e R -
g g)—9 g € it holds that
v :—ieTQe—izeTPBBT Pe+e’ PB(w+d)+
2 2p

+yil(—meT PBAD(X) (6 —9?)+%(—y2)eT PB(g (x| 03) ~ (x| 6, )

Using the following description for the model approximation error:

Wy =[f(x]67)~ f(x]0¢)1+[9(x| ) - g(x] 61 )u
the equation of the Lyapunov function derivative becomes:

V = —leTQe—izeT PBB' Pe+e’ PB(w+d)+e’ PBw,
2 20 20
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7. Design of an adaptive controller for the submarine’s model

and denoting the disturbances and modelling error terms as: Wy = W+ d+Ww,
one has: V =—leTQe— 12 e'PBB'e+e’ PBw
2p
or: \}z—leTQe— 1 eTPBBTe+1eTPBW_L+1W1TBTPe
2 2 5% 2 2

Next the following inequality is used:

1T 1 TgT L TpppT 1 20T
Lemma: Itholds that —e Pwy +=w] BT Pe——— " PBB" Pe< = p?w] w '

A ! 2,2 o W @
Proof:

The binomial  {pa— %b)g > 0 is considered. Expanding the left part of the above
inequality one gets
0% 4 p%62—2a6>0=> “a* + 2p252 ab>0=
ab—%;bzg%p a? = 1 ab—l— zab —562 PG

By substituting & =4 and b = &' B, B one gets

luiBTRe+1 "*"PQ}_%U1 — 5oa8 eI P,BBTP,z

< LotwTw, 21
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7. Design of an adaptive controller for the submarine’s model

By substituting Eq. @ into the relation of the derivative of the Lyapunov

function gives: .
VS—%ETQE+%/)2WIW1

This is the H-infinity tracking performance criterion which means that for bounded disturbance
and modelling error the control law results in very small bounded tracking error:

It is noted that, by choosing the attenuation coefficient p to be sufficiently small, the right
part of Eq. can be always made to be upper bounded by zero.

In such a case the asymptotic stability condition is clear to hold..

The minimum value of p for which a solution of the Riccati Eq exists, is the one that
provides the control loop with maximum robustness.
2

Moreover, if jo” wy || dt<M,, one has the following integral:

T T T T T
y 1 1
[VOdt< =2 [lle@Pot+20% [llw 17 de= 2 (T) + [l e®) 1 dt <2V (0)+ o [ 1wy |
0 ) 0 0 0

which means that: I|| e ||(23 dt<2V(0)+p°M,, and from Barbalat’s Lemma one has that
0

lim e(t) = 0 which confirms again that the tracking error vanishes 22
{—w
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8. Simulation tests

* In the simulation tests, the dynamic model of the submarine was considered to be

completely unknown and was identified in real-time by the previously analyzed
nonlinear regressors

* The estimated unknown dynamics of the system was used in the computation of

the control inputs (generated by the electric actuators of the hydroplanes) which were
finally exerted on the submarine’s model.

200

- T
80— Setpomnt 1: . ¥ § i 3 @ 18
; Q | ; 100 ........... ........... ........... . .......... . .......... .......... ......... -
@ @ : : : = : : ; ; : : :
2 3 g 0 k ......................................... ] AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
= = g 3 T : T B - -
@ @ 1= 3 % 3 . 3 d
= = DD s e e LA N S — v v O i
3 - g A N B A i .
200 : . : 200 -200 i i i i i
0 10 20 30 40 0 10 20 30 40 0 5 10 15 20 25 a0 35 40
t (sec) t (sec) t (sec)
2 f 20 200 !
nf % N o100k ........... .......... .......... ......... 4
% D ................. . ................. % ‘|D ................................... ,5 : l : :
- T = s ]
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3 gl pitch = : Uk = : | ; ; : : E
5 ang!e 5 E a0 TR o SO N A T S _
4 T A0 0 20 @ 00 ] i i : i i i
t (sec) t (sec) 0 5 10 15 20 25 30 35 40
t (sec)

state variables x;, ¢ = 1,--- 4 Variations of the control 1nputs
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8. Simulation tests

200 : : ; 5 : ;
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. ; é ; . : é
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9. Conclusions

* By exploiting the differential flatness properties of the MIMO nonlinear model of
the submarine the system was transformed into the linear canonical (Brunovsky)
form. For the latter description the design of a feedback controller was possible.

* Moreover, to cope with unknown nonlinear terms appearing in the new control
inputs of the transformed state-space description of the submarine, the use of nonlinear
regressors (neurofuzzy approximators) has been proposed..

» These estimators were online trained to identify the unknown
dynamics of the system and the associated learning procedure
was determined by the requirement the derivative of the system’s
Lyapunov function to be a negative one.

* Through Lyapunov stability analysis it was proven that the closed loop satisfies the
H-infinity tracking performance criterion, and this assures improved robustness
against model uncertainties and external perturbations.

» The computation of the control input required the solution of an algebraic Riccati
equation. Suitable selection of the attenuation coefficient p in this equation assures
asymptotic stability and provides maximum robustness.

» The proposed flatness-based adaptive fuzzy control method is generic and can be
applied to a wide class of vessels, such as surface vessels or AUVs and
submersibles,inlcluding also the case of underactuated vessels.

25
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Conclusions

» Adaptive control for marine systems dynamics and ship propulsion is well addressed by
differential flatness theory-based methods. Recommended books for future reference are:

[1] G. Rigatos, Modelling and control for intelligent industrial systems: adaptive

algorithms In Robotics and Industrial Engineering, Springer, 2011

[2] G. Rigatos, Nonlinear control

and filtering using differential

proaches: applications to electromechanical systems, Springer 2015.
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