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New approaches to nonlinear control of distributed dynamical systems: Approximate linearization

1. Outline

« A new nonlinear H-infinity control method for stabilization and synchronization of
distributed interconnected synchronous generators.

« At first stage local linearization of the distributed generators’ model is performed round its
present operating point.

* The approximation error that is introduced to the linearized model is due to truncation of
higher-order terms in the performed Taylor series expansion and is represented as a
disturbance.

» The control problem is now formulated as a mini-max differential game in which the control
input tries to minimize the state vector’s tracking error while the disturbances affecting the
model try to maximize it.

* Using the linearized description of the distributed generators’ dynamics an H-infinity
feedback controller is designed through the solution of a Riccati equation at each step of the
control algorithm.

* The inherent robustness properties of H-infinity control assure that the disturbance
effects will be eliminated and the state variables of the individual power generators will
converge to the desirable setpoints.

* The proposed method, stands for a reliable solution to the problem of nonlinear control and
stabilization for interconnected synchronous generators. 2
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2. The model of the distributed synchronous generators

The dynamic model of the distributed power generation units is assumed to be that of
synchronous generators. The modelling approach is also applicable to PMSGs (permanent
magnet synchronous generators) which are a special case of synchronous electric

machines. :
®
W = -%(W' . wO) + 3—3(13771 — Pe)
5 turn angle of the rotor P, : active electrical power of the machine
w o turn speed of the rotor P - mechanical power of the machine
Wy - synchronous speed D damping coefficient
J moment of inertia of the rotor f A electromagnetic torque

The generator’s electrical dynamics is:

E:] == ﬁo(Ef — E,) @

g IS the quadrature-axis transient voltage (a variable related to the magnetic flux)

E, s quadrature axis voltage of the generator e

T, isthe direct axis open-circuit transient time constant
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2. The model of the distributed synchronous generators

The synchronous generator’s model is complemented by a set of algebraic equations:

E, = Z2E, — (za — x5)>-cos(Ad)

!
dy b3

97 2
, Tax
E
I = —* — ~=cos(AJ)
dy: dy
V.E, .
P, = ——sin(A))
V.E . V2
Qe = ——"cos(Ad) — =

Vi = /(B = X3laP + (X,1,)?

where: Tds. = Tq + T + 2L :C;lg = .’L':i +Tr + L
x4 : direct-axis synchronous reactance I4 and I, :direct and quadrature axis currents
T reactance of the transformer V. :infinite bus voltage
x, :direct-axis transient reactance Q. : reactive power of the generator
z; :transmission line reactance V; ¢ terminal voltage of the generator
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2. The model of the distributed synchronous generators

From Eq@ and Eq. @ one obtains the dynamic model of the synchronous generator:

& =) — wo
. Vs E >
w-———%(w—wo)—l—wo 57 A n(Ad)
E, = 1 E - T¢11 ‘Ti:dv cos(Ac‘)) - T -Ey
Moreover, the generator can be written in a state-space form:
i = f(x) + g(x)u
; < NG
where the state vectoris == (Ad Aw E_) and
W — W
_ D, — P 1V Eq AS
flz) = 57 (W —wo) + wosT 7 szn( )

1 E + Tdo 'T‘; decos(AO)

d-—l

while the system’s output is y=h(z)=0—10g 5
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2. The model of the distributed synchronous generators

The interconnection between distributed power generators results
into a multi-area multi-machine power system model

Load A

Load B

3-area multi-machine system

1

2-area multi-machine system

G

The dynamic model of a power system that comprises n-interconnected power generators is

0i = wi — wo

: D; ¢ Prm,
Wi = _‘_)_J},(wi — wo) tWogy —
2
pa A 2 Ny el Y PR
5 1 @ 1 Td;—Tq; : 1 T
EQi - TZI EQi + Tdo,‘ '-1':1 - ‘/;1' COS(A(SQ) + TdOi-Efi 6

1 — 1
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2. The model of the distributed synchronous generators

For the case of the three interconnected generators one has the state-space equations:

i’l =T — Wp

: D Py,
Ty = —57- (T2 —wo) + wogz—

—5"7"1{@111‘% + z3[reGrosin(zy — x4 — a12) + xoGi3sin(zy — x7 — a13)]

1 =%y Vicos(zy) + le uq

Tay, o1

- 1 Td

T4 = Ts — Wo

. Pﬂl
Tr5 = 21?]‘) ( 5 — W) + Wo )J:

{GQQ:LG + xg[x3Gay sin(xq — x4 — asy) + "LQG‘)3QZ71(£L’4 — T7 — ag3)]

. 1 Tdo —Td, 1
Te = —2Vcos(xy) + 1o
ng Tay., Ta,,
T7 = T8 — Wy
Do Prg
Iy = 2‘](23_“)0)'*‘»‘)02‘]3

_%{G3218 + xg[23G3y8in(xz; — 1 — agy) + v¢Gagsin(z; — x4y — azs)]

s 1 1 Tdg _Idg 1
T9g = ———Tg + , Vsecos(z7) + ug
Ty Taoq Tdy, : Ta,, 7




New approaches to nonlinear control of distributed dynamical systems: Approximate linearization methods

2. The model of the distributed synchronous generators

The system of the interconnected generators is also written in the matrix form:

(1)

._ fi(x) 0 0 0

- /f-i(:m\ ( 0 0 0 \

- fa(x) gix) 0 0

’.4 f4(£13) 0 0 0 uq
i | fs2) | +| o 0 0 s
:if fe(z) 0  go(z) O us
.‘6 f7(.’l7) 0 0 0

. fs(z) 0 0 0

i) Mo@/) N0 0 g(@)

where
fi(x) = o —wo

mq

P,
falz) = — 2DJ (T2 —wo) +wWogz7,—
— 37 {Cu:z,g + x3[xeGrasin(x1 — x4 — a12) + xoGr3sin(zry — 7 — a13)]

!

1 Iy —.r'
fa(z) = A T(o1 ;fivldl Vscos(z1)
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2. The model of the distributed synchronous generators

nd al
and also fa(z) = 25 — wo

x P,
fs(x) = QDJ (5 —wo) + wogz—

_%{G22$g + :176[1'3(.-7'218271( 4 — I — an) + TQGQ3SZ71.(.’E4 — L= a‘23)]

fr(z) =28 — wo

P
fs(x) = — 21?1 (28 —wo) + wo5y, —

—~ {G32.fl?g + zo[x3Ga1sin(zr — x1 — az1) + veGaasin(xr — x4 — azz))

fo(z) =

g1
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3. Linearization of the model of the distributed synchronous generators

Local linearization is performed for the state-space model of the distributed power generators,
round the operating point (x*, u*) where x* is the present value of the system’s state vector and

u* is the last value of the control input that was exerted on the machine.

Thus, one obtains the linearized description

T=Az+ Bu+d

For the previous description of the distributed power generators’ model by the state-space

equation it holds that

afl afl <'-)f1
oz dxa dxa
dfa dfa dfo
oz dxo dxa
aff} st (9f3
gl‘l grz grs
A= Vr[f(l') — g(ar)u] — aafci ai; ai;
0fo Ofs Ofo
oxrq dxa Oy

A

dxa
O fa

afo )
dxg

Next, one computes the partial derivatives of the Jacobian matrix

10
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3. Linearization of the model of the distributed synchronous generators

For the first row of the Jacobian matrix 4 = V,[f(x) + g(x)u] one has: %fll =0

g}g:1.%:0.%:0.3&:0.%{2:0.g}g:o.%gzo.%g:o.

For the second row of the Jacobian matrix 4 = V,[f(x) 4 g(x)u] one haS' g{ll =

2
—%.\'3 [x6 G1acos(x1 — x4 — a13)] + x9Gr3cos(x1 —x7 — a3). 5{-; = -J1 g{? =
572{G112x3 + [¥6]Grasin(x1 —xa — a12) +x9Grasin(x1 —x7 — a3)]}, 3{—: -
%0'3‘3-\'6G1°C0‘S'(-\‘1 — X4 —ay2). gﬁ- =0, = af’ = %.\‘361251'11(.\‘1 —Xg—dyp);s ‘)f] =

ﬂlnrgGlgc’os(\l—w—aU 3-[- 031- —%x;Ggsin(.\’l—.\‘7—013).

For the third row of the Jacobian matrix 4 = V,[f(x) + g(x)u] one has: gf—f =

!
| Xdy X

d : dfi. o 9fi. - I 9Ff 9fs _n 9fs _n 93 _
Tdol TLV;SIH(.\]). Dﬁ —0. Df_i = _f 9—3 =0 xi =10, ax—z =10, T 0.
E 1
25 _ . _f.
dxg dxg

For the fourth row of the Jacobian matrix 4 = V,[f(x) + g(x)u] one has: g‘i} = 0.
ofs _ 0 2fs _g 9fs g 2fs _1 9fs _g 2h _g 9L _ 2 _
Dﬁ_o.ax—;_o.ﬁ_o.wg_l.aﬁ_o.aﬁ_o.;ﬁ_o.gﬁ_o.

11



New approaches to nonlinear control of distributed dynamical systems: Approximate linearization methods

3. Linearization of the model of the distributed synchronous generators

For the fifth row of the Jacobian matrix 4 = V,[f(x) + g(x)u] one has: %’i
i S (v adfs _ afs _
%.\6[J3GQICOS(.\4 — X1 — (121) +.\’3Gz3(’05(.\4 g — (723)]. 9'—{3 =) 3{3- =
. d )
—%.\'6621.5'1;1(.\'4 —X1—a). ij = —%xé [x3Gaycos(xg—x1 —ay;) +x9Gr3cos(xq —
% D, 2 : e
X7 —(723)]. 3{—2 = —72’ ?ﬁ = —&{G'))z.\‘s-l- [.\'3621517'1(.‘(4—.’(1 —ar1) +x9Go3sin(xy —
d d .
X7 —(723)]} T{j = Ha}) Y6\9G73COS(\4 —X7 —(773) EALE = 0. %; — —%.\'6G23Sln(.\‘4 T
X7—am3).
For the sixth row of the Jacobian matrix 4 = V,[f(x) + g(x)u] one has: 5-&
/
e g - K, _ NTDTH gl A %__1 9fs o b _
ol el i o ) Vssin(xa). Geg =0. 5o = " Ox7 . Oxg
n p2) 2
s
dxg

For the seventh row of the Jacoblan matrix A Vi[f(x)+g(x )u] one has: %" =10,

x)+
91 _a 21 _ 9f1 _ _n 24 of1 _ o of1 _ 1 9f1 _
E)xz =0, 7= dxz 0. ()xz =0, 5 (71'5 =0. Ixs =0. ax; 0. dxg = L. dxg 0.
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3. Linearization of the model of the distributed synchronous generators

For the eight row of the Jacobian matrix 4 = V,[f(x) + g(x)u] one has: glﬁf —
%A@ [x3G31c08(x7 — X1 — a31) + x6G3ac0s(x7 — x4 — az)]. %g- =0 g{g- =
—%.\'963151'71(.\'7 — X1 —asy), ai 29-\’93*5632605(.\'7 — X4 —azy). g{s =0. %ﬁ- =
—ﬂ’-rgGogsin(ﬁ —X3—asz). g-fg- =—5F 72x9[x3G31005(x7 —x1 —a31) +x6G32c05(x7 —
X4—a3) ] -378 D—” g% %{G332x9+[x3G3151'n(x7—x1—a31)+x663251'n(x7—
x4 —az)]}.

For the ninth row of the Jacobian matrix 4 = V,[f(x) + g(x)u] one has: g@ = 0.

!

P08 =03=0L=0%- T ""’jTiVsm(ﬁ) % — 0, and fi-
I
3f9 __ 1
nally ?d;
_ ( 0 0 0 \
Moreover, it holds that 0O 0 0
gaix) 0 0
0 0 0
B=V,[f(x)+gx)u] = 0O 0 0
0 gx) O
0 0 0
0 0 0
\ 0 0 &) 13




New approaches to nonlinear control of distributed dynamical systems: Approximate linearization methods

3. Linearization of the model of the distributed synchronous generators

Parameter d, stands for the linearization error in the distributed generators’ model

;<:Ax+Bu+d1 @

The desirable trajectory of the multi-generators system is denoted by

.
Xd =[Xd,» Xd, » Xd, - Xd, » Xd, + Xd, ]

Tracking of this trajectory is succeeded after applying the control input z&*

At every time instant the control input #* is assumed to differ from the control input
appearing in @ by an amount equal to  Aw, thatis g = 44 Ay

wg = Awg+ Bur+ dy e
The dynamics of the system of Eq. @can be also written in the form

¢ = Ae+ Bu+4 Bu* — Bu* 4 d @

and by denoting d; = —Bw=*+44dy as an aggregate disturbance term one obtains

= Ae+ Bu+ Bu* 4+ ds @

14
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3. Linearization of the model of the distributed synchronous generators

By subtracting Eq. @ from Eq.@ one has

& — &g = Ale — ¢4) + Bu+ ds — dy @

By denoting the tracking error as &€ = #— 4 and the aggregate disturbance term as
(j= dy — dy the tracking error dynamics becomes

6= Ae+ Bu+d @

The initial nonlinear system is assumed to be in the form

¢ = f(z,u) veR® ueR™

Linearization of the system is performed at each iteration of the control algorithm round its

present operating point
(2%, w') = (2(t), ult — T5)).

The linearized equivalent of the system is described by

t = Axr + Bu+ Ld xe€R", ueR™, deR*?
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5. The nonlinear H-infinity control

where matrices A and B are obtained from the computation of the Jacobians

8AH 8H .. Of1 8,1 8f .. BhH
| e e wi |l B [ DR e 0 M

Ofn  Bfn ... Sfn Ofn  Bfn .. Ofn

B4 Bwa B%p, g Buo Sy,

and vector d denotes disturbance terms due to linearization errors.

The problem of disturbance rejection for the linearized
model that is described b ‘
¥ =Axr+ Bu+ ILd

y=Cu

where 2€ER", ueR™, de R? and y€ F¥ cannot be handled efficiently if the classical LQR
control scheme is applied. This because of the existence of the perturbation term 4.

In the He control approach, a feedback control scheme is designed for trajectory

tracking by the system’s state vector and simultaneous disturbance rejection, considering
that the disturbance affects the system in the worst possible manner

16
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5. The nonlinear H-infinity control

The disturbances’ effect are incorporated in the following quadratic
cost function { T
T(@) =3 Jo [y (Oy)+
+rul (ult) — 2dT(@)d@)|dt, v, >0

The coefficient r determines the penalization of the control input and the weight
coefficient p determines the reward of the disturbances’ effects. It is assumed that

Then, the optimal feedback control law is given by
u(t) = —Kax(t) with K =1BTp

where P is a positive semi-definite symmetric matrix
which is obtained from the solution of the Riccati equation

ATP 4+ PA+Q—P(ABBT - L LIT)P =0

where Q is also a positive definite symmetric matrix.

The parameter p in Eqg. (15), is an indication of the closed-loop system
robustness. If the values of p> 0 are excessively decreased with respect to r, then
the solution of the Riccati equation is no longer a positive definite matrix.

Consequently, there is a lower bound p.,,, of for which the H-infinity control problem
has a solution. 17
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6. Lyapunov stability analysis

The tracking error dynamics for the distributed power generation system

is written in the form B
¢=Ae+ Bu+ Ld

where in the distributed generators’ application example L=1IeR? with
| being the identity matrix. The following Lyapunov function is considered

V=1TPe

where ¢ = x—a, isthe tracking error. By differentiating with respect to time one obtains

V = §8TP8 + 8P8=>
= i[Ae+ Bu+ LdTP +1 8TP[A8 + Bu + Ld]=

V = §[eTAT +uTBT + dTLT|Pe+
+LeTPlAe + Bu+ Ld]=

V=1TATPe+ iuTBTPe + 1dTLT Pe+
TPAe + 5 L 8TPBu + 5 L eTPLd

18
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6. Lyapunov stability analysis

The previous equation is rewritten as

V =1eT(ATP + PA)e + (34T BT Pe + LT PBu)+
+(LdTLT Pe 1 LT PLd)

Assumption: For given positive definite matrix Q and coefficients r and p there exists a
positive definite matrix P, which is the solution of the following matrix equation

T i 17 i 18
AP+ PA=-Q+P(zBB" — ?LL 1P
Moreover, the following feedback control law is applied to the system

TR —%BTPe

By substituting Eq. @ and Eq. @ one obtains :
| - Vé
\ﬂ

V=3eT[-Q+ P(BBT — ;L LLT)Ple+
+eTPB(—1BTPe + ¢T PLd=

19
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6. Lyapunov stability analysis

Continuing with computations one obtains

V = —1eTQe+ (LPBBTPe— ;L eTPLLT) Pe \Q
—1eTPBBTPe 4 eTPLd | |

which next gives
V =—3eTQe— 52e" PLITPe + ¢TPLd

or equivalently

V — —%8?’@8 — %Q-QTPLLTPQ-F @
+1eTPLd+ 1dTLT Pe

Lemma: The following inequality holds

1eTLd + LT Pe— LT PLLT Pe<ip?d'd

20
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6. Lyapunov stability analysis

Proof : The binomial (pa— %b)z is considered. Expanding the left part of the above inequality
one gets .
0%a? + 502 —2ab > 0= %p2a2+%gbz—ab:_> 0=

ab— 52b% < 10%% = Lab+ 1ab— %9'62 < 1p%a?

i, "L,

The following substitutions are carried out: @ = d and b = ' PL = 7 T

E R e L R BB 1 v~
RN V-V D0 LR o0 B 2 o AN R Rl o L T S )
[ RS ER Es y S r R R |

and the previous relation becomes

1dTLT Pe 4 $eTPLd — SyeT PLIT Pe<ip?d’d @
Eq. @ IS substituted in Eq.@ and the inequality is enforced, thus giving
V< —1eTQe+ 1p%d7d @

Eq. @ shows that the H-infinity tracking performance criterion is satisfied.

The integration of V from O to T gives

e i Pt
fo V(#)dt= = L e |Gdt + %ngoﬁudl_lgdti
W(T)+ fo llelledt<2v(0) + o* fy I|d]|*d 21
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6. Lyapunov stability analysis

Moreover, if there exists a positive constant Jif; > 0  such that

57 16|26t < M4

then one gets

f§°||e||?th < V(0 + p? My

Thus, the integral f§°||e||2th is bounded.

Moreover, V(T) is bounded and from the definition of the Lyapunov function V it becomes
clear that e(t) will be also bounded since

e(t) € Q. = {e]e” Pe<2V{0) + o? My}

According to the above and with the use of Barbalat’s Lemme
one obtains:

Iy sene(t) = 0.

This completes the stability proof. 22
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7. Simulation tests

» The nonlinear H-nfinity control scheme is tested through simulation examples

Linearization of the =
dynamics of the distributed SGs

\-11+BI+[(‘
A=Vfxl o 4 B=Yalye

1--1. B L

Solution of the algebraic
Riccati equation

F 2 1
A"P+PA+0-P(=BB" -—II"P=0
r oa

P
Xd ¢ H-infinity 1 =Ke | Nonlinear dynamics of X
: /5\ o control gain f——— the distributed SG 8
x=-1a7Tp : |
B r x = f(x.1)

Fig. 2: Diagram of the control scheme for the distributed synchronous generators

It can be noted that the H-infinity algorithm exhibited remarkable robustness to
uncertainty in the model of the distributed power generators which was to approximate
linearization. 23
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7. Simulation tests
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. Simulation tests
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8. Conclusions

* The problem of synchronization and stabilization of the
distributed synchronous generators has been solved with
the application of a nonlinear H-infinity (optimal) control method.

« A new nonlinear feedback control method for distributed generators has been
developed based on approximate linearization and the use of H-infinity control and stability
theory.

* The first stage of the proposed control method is the linearization of the distributed power
generators’ model using first order Taylor series expansion and the computation of the
associated Jacobian matrices.

» The errors due to the approximative linearization have been considered as disturbances
that affect, together with external perturbations, the distributed power generators’ model.

» Using the linearized model of the disitrubeted generators an H-infinity feedback control
law is computed at each iteration of the control algorithm, after previously solving an algebraic
Riccati equation.

« The known robustness features of H-infinity control enable to compensate for the errors
of the approximative linearization, as well as to eliminate the effects of external perturbations.

» The efficiency of the proposed control scheme is shown analytically and is confirmed
through simulation experiments. 27



